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Abstract   As the role of competences and educational standards is stressed in cur​rent approaches to education there exist a variety of descriptions, definitions or lists of competences, which should be addressed in instructional contexts. Even though in mathematics education the discussion and description of competences is more advanced than in other fields of knowledge, many of these descriptions do not provide enough detail for guiding the analysis and design of (computer-based) learning tasks. Therefore, the purposes of the present study are to (a) develop a two-dimensional conceptualization of fraction competences, and (b) evaluate the developed competence-framework through an empirical task analysis of a set of computer-based fraction tasks. The results of this task analysis revealed that for 76.3% of the 173 tasks a clear competence assignment was possible. Furthermore, we found that in this set of tasks the cognitive processes associated with mere al​gorithmic calculation and formula manipulation are much more frequently ad​dressed, than complex cognitive processes (i.e., communicate, model). Future re​search and practice in designing computer-based fraction tasks should thus focus on developing and investigating tasks addressing the complex processes.
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Introduction
The role of competences and educational standards is stressed in current ap​proaches to education and there exist a number of competence-sets, which should be addressed in instructional contexts. In mathematics education the discussion and description of competences is more advanced than in other domains. Since the National Council of Teachers of Mathematics (NCTM) has published the Princi​ples and Standards on Mathematics Education (NCTM, 2000) several frameworks of mathematics competences emerged (e.g., Blum, Drueke-Noe, Hartung & Koeller, 2006; Neubrand et al., 2001; Niss, 2003). Furthermore, several OECD-studies (e.g., TIMSS2003, PISA2003) comparing the outcome of mathematics education all over the world have contributed a great deal to the existing defini​tions and descriptions of mathematical competences. Yet, for the systematic de​sign of computer-based learning tasks the existing definitions and descriptions of mathematical competences are still too general, and thus do not provide enough detail for deriving design guidelines. Hence, up to now the learning tasks and ex​ercises in many computer-based learning environments have been developed rather intui​tively and do not well match the mathematical competences stressed in current mathematics education. 
Computer-based learning tasks which address explicitly a set of (mathematics) competences can contribute to the acquisition and training of these competences In contrast to paper-pencil tasks computer-based tasks can provide learners with feedback and/or interactive help (e.g., hints, scaffolds; Narciss, Proske & Körndle, 2004). Yet, developing feedback and interactive help which can be offered ac​cording to learners’ needs and/or specific task requirements is a challenge for in​structional designers and researchers. Important issues raised by this challenge are (a) a psychologically and pedagogically founded differentiation of (mathematics) competences, and (b) the evaluation of this conceptual framework of mathematical competences for analyzing and designing computer-based mathematics tasks. 

Hence, the purposes of the present study were to (a) develop a two-dimensional conceptualization of fraction competences, and (b) evaluate the developed com​petence-framework through an empirical task analysis of a set of computer-based fraction tasks.
(Mathematics) competences – a two-dimensional view

According to Webster’s dictionary, the term competence refers to the quality or state of being functionally adequate or of having sufficient knowledge, judgment, skill or strength to achieve a certain goal or complete a given task. Within this view, the term competence includes accumulated experience, skills and knowl​edge. Furthermore, this definition of competence presupposes particular knowledge and processes or activities which can be implemented to achieve a given task or goal. That is, it refers to a person’s ability to act successfully in a specific knowledge-task context. 

The PISA concept of mathematical literacy is defined as “an individual’s ca​pacity to identify and understand the role that mathematics plays in the world, to make well-founded judgments and to use and engage with mathematics in ways that meet the needs of that individual’s life as a constructive, concerned and re​flective citizen.” (OECD, 2004, p. 37). This definition emphasises the role of con​ceptual understanding and meaningful application of mathematics in contrast to mere algorithmic calculation and formula manipulation. 
The way this mathematical literacy has been operationalized for assessment purposes reflects the Webster’s definition of competences: In PISA students’ mathematics knowledge and skills were assessed according to three dimensions: mathematical content, the processes involved, and the context, that is the situa​tions in which problems are posed. The content areas include: shape and space, change and relationships, quantity, and uncertainty – roughly corresponding to geometry, algebra, arithmetic, and statistics and probability. The processes as​sessed include: thinking and reasoning; argumentation; communication; model​ling; problem posing and solving; representation; using symbolic, formal, and technical language and operations; use of aids and tools. These processes which are sometimes also referred to with the term competence are classified into three competence clusters: the reproduction, connections, and reflection clusters. The contexts/situations assessed include four types: personal, educational or occupa​tional, public, and scientific. 

Unfortunately, this operationalization of mathematical literacy uses the term mathematical competence in several ways – (a) as a synonym for (cognitive) processes, (b) as a category-label of a cluster of processes, and (c) sometimes also to denote the underlying capacities and abilities of mathematical performance in a specific task-context. Hence, a clear definition of the term “mathematical com​petence” is still missing. Furthermore, as PISA did not intend to test the compe​tences individually, there is a considerable overlap among them. This overlap makes the analysis and design of learning tasks difficult.
Based on Webster’s definition of the term competence, and guided by Anderson and Krathwohl’s revision of Bloom´s taxonomy of educational objec​tives (Anderson et al., 2001) we suggest a two-dimensional conception of mathe​matical competences. Within this competence conception the term “competence” comprises at least the particular knowledge traditionally shared within a subject matter or field of study and the (cognitive) processes which describe what one does with or to knowledge (cf. Anderson et al., 2001). In this paper, we use the term mathematical competence in regard to this two-dimensional view.
For the two competence-dimensions we have developed categories and sub​categories for the mathematical domain of fractions. When developing these cate​gories we were inspired by the work of Anderson and his colleagues (2001), but also concerned that (a) the categories and subcategories of the knowledge-dimen​sion are consistent with current mathematic education standards, and (b) the cate​gories and subcategories of the cognitive-process dimension address the charac​teristic mathematical processes/competences suggested by the PISA-researchers (Neubrand et al., 2001; Niss, 2003). Furthermore, we aimed at reducing the over​lap among categories.

The question of how to teach pupils a fundamental understanding of the frac​tion concept has been examined by mathematics teachers and researchers for the past centuries (Brown & Quinn, 2006). Fractions are an area of school mathe​matics which is recognized as an important and difficult topic for students. The difficulty results from the need to integrate a new type of numbers and extend the conceptions related to familiar natural numbers, e.g. that multiplication always leads to larger numbers (Padberg, 1978). 
Knowledge dimension

According to cognitive psychology we distinguish between the terms of “knowing what” (conceptual knowledge) and “knowing how” (procedural knowledge). The category conceptual knowledge refers to knowledge about concepts especially their meaning, interpretation, characteristics and the relationships among these concepts. By contrast, the category procedural knowledge refers to algorithms, procedures and rules. These main categories can be used for many knowledge domains (Anderson et al., 2001).
Knowing what – conceptual knowledge

The important role of a conceptual understanding of fractions is frequently pointed out (e.g., Brown & Quinn, 2006; Hasemann, 1981; Vohns, 2005; Wartha & vom Hofe, 2005). The category conceptual knowledge for “adding fractions” consists of concepts which can be assigned to four subcategories:

· Fraction components (numerator, denominator)

· Fraction types (proper fraction, improper fraction, natural number represented as a fraction, unit fraction, mixed number, percentage)

· Fraction properties (like or unlike denominator, dense order of fractions)

· Basic concepts in the area of natural numbers (natural number, prime number, coprime/relatively prime, divisor, multiple, greatest common divisor - GCD, least common multiple – LCM)

Knowing how – procedural knowledge

Procedural knowledge for “adding common fractions” includes rules or principles, and algorithms necessary for accomplishing different kinds of fraction tasks. The pertinent rules for “adding fractions” can be assigned to the following categories: 

· General addition rules (e.g., rules defined by the commutative law and associative law) 

· Division rules for identifying a like denominator: prime factorization, finding the least common multiple, finding the greatest common divisor

· Fraction comparison rules: comparing fractions with a like denominator, com​paring fractions with an unlike denominator

· Fraction transformation rules: extending, reducing, changing improper fractions to mixed numbers and vice versa, changing natural numbers to improper frac​tions and vice versa

· Fraction addition rules: addition of mixed numbers, addition of fractions with like denominators, addition of fractions with unlike denominators, addition of mixed numbers and proper fractions, addition of natural numbers and proper fractions, addition of mixed numbers and natural numbers.

Cognitive process dimension

For the cognitive process dimension we decided to make use of seven major cate​gories – Remember, Represent, Compare, Compute, Model, Communicate, and Meta-cognition. Each of these major categories is associated with several subcate​gories of cognitive processes:
Remember

This category applies to a task where knowledge has to be retrieved from memory. In agreement with Anderson et al. (2001) we distinguish between the two cogni​tive subcategories Recognize (retrieving knowledge from memory with the help of presented material) and Recall (retrieving knowledge from memory).

Represent

The Represent category includes the abilities to decode and encode symbolic, formal numeric and technical language, to translate it to natural language or vice versa, and to choose and switch between different forms of representation of mathematical instances and situations. Note that the PISA usage of the category Represent does not include decoding and encoding symbolic, formal and technical language. Subcategories of Represent are: Paraphrase (express contents with other words), Transform (change between graphic, verbal or numerical represen​tation), Exemplify (find an example or instance of a concept or rule), and Define (find the formal concept for an example or instance).
Compare

This category includes detecting commonalities and differences between two or more ideas, concepts, and the like, categorizing elements to classes and ordering mathematical elements. The associated cognitive processes are Find common​alities, Find differences, Classify (find commonalities and differences), and Order.

Compute
The process of solving tasks by routine application of standard concepts, rules, procedures, algorithms, heuristics and/or tools is addressed by the Compute cate​gory. Subcategories include Execute (carry out a procedure or algorithm), and Ap​ply (use a concept, rule or heuristics).
Communicate

Communicate is the category concerned with describing, explaining, and discuss​ing ways of using (mathematical) knowledge in oral or written form. In contrast to the PISA use of this category, we decided to include analyzing, assessing, creating and expressing mathematical arguments. Hence, the subcategories are: Describe (express how to use mathematical concepts and procedures), Explain (express why to use mathematical concepts and procedures), and Argue (analyze, assess, create and express mathematical arguments to discuss ways of mathematical problem solving, and to develop mathematical proofs).
Model

The Model category combines abilities necessary for the transfer of (mathemati​cal) models into real situations and vice versa. This involves analyzing mathe​matical models and real situations to identify their common structure, working with the model by generating and evaluating hypothesis, reflecting and interpret​ing the results of this evaluation, and discussing implications and limitations from these results. Hence, relevant subcategories include Analyze (extract, structure and translate the constituent parts of a situation to a model and vice versa), Hypothe​size (generate predictions based on criteria), Evaluate (test hypothesis), and Infer (draw logical conclusions from working with the model).
Meta-cognition

The Meta-cognition category addresses processes necessary for controlling and regulating the process of mathematical problem solving. This includes Plan (de​termine initially what to do, select strategies and allocate resources), Monitor (evaluate comprehension, usability of strategies and adequacy of resources during problem solving), Self-assess (evaluate the progress made toward achieving the goal), and Regulate (make appropriate revisions or modifications). Besides these “traditional” meta-cognitive processes, we suggest to consider further subcatego​ries such as Detect errors (identify errors in problem solving steps and/or out​comes), and Seek help (decide when and how to use aids and tools adequately). 
Research questions
The present two-dimensional competence framework aims at providing a clear classification and description of all target competences in the fraction curriculum. Our intention is to use it as a rationale for developing computer-based fraction tasks, which address explicitly the target competences and thus can contribute to the acquisition of these competences. In this study we performed a task analysis of a given set of computer-based fraction tasks in order to evaluate the two-dimen​sional framework with regard to the following questions:
· For how many tasks of this set is a clear competence assignment possible?
· For how many tasks is the competence assignment difficult, and why is it diffi​cult?

· Which task characteristics render competence assignment difficult?

· Which categories are distinct enough for a clear assignment of competences to tasks, and which are not?

· How frequently are the various competences assigned to the tasks?

Method

The intelligent, web-based learning environment for mathematics, ActiveMath, has been developed at the University of Saarland and at the German Research Center for Artificial Intelligence (DFKI). It combines Intelligent Tutoring System characteristics with adaptive hypermedia, and web services (Melis et al., 2001; Melis, Goguadze, Homik, Libbrecht, Ullrich, & Winterstein, 2006). ActiveMath can serve learning material including exercises for several mathematical topics. The fraction course for ActiveMath was authored by an experienced mathemat​ics teacher, who was used to teach on the basis of traditional mathematics curric​ula. The course consists of 54 pages with explanations, definitions, examples, and exercises. We analyzed the part for “adding common fractions”. The task analysis included 173 exercises. All tasks deal with adding common fractions or prerequi​site knowledge necessary for adding fractions (e.g., finding a common denomina​tor, extending).
To each task we assigned the cognitive process and the conceptual and/or pro​cedural knowledge categories necessary to solve the task. First, this assignment was done at the subcategory-level for the cognitive processes. In a second step, we summarized the data on the main-category level, in order to productively describe frequencies and distributions.

As some ActiveMath exercises are rather complex (multistep exercises), the analysis was performed at the sub-task level. If, for example, a task demanded the cognitive processes recognize, paraphrase and transform and the concepts im​proper fraction and nominator, the task has been assigned to the cell combinations (remember, fraction types); (remember, fraction components); (represent, fraction types); (represent, fraction components).

For each task, the task analysis was performed by two independent raters (a re​search assistant and the first author). The research assistants were provided with a detailed description of the categories, and introductory examples on how to de​scribe computer-based fraction tasks with these categories. In addition to coding the tasks, problems detected during task-analysis were documented. 
Interrater reliability was calculated by using Cohen’s Kappa (Cohen, 1960; see also Wirtz & Caspar, 2002). The interrater reliability for the whole set of tasks in​cluding all categories was very good (Cohen’s ( = .85; SE .01).

Results and Conclusions
For 172 out of 173 tasks a competence assignment was possible. The assignment was impossible for only one task because it was not clear which solution method students would use. This task was excluded from further analyses.
Ratio of clear assignments

A clear competence assignment was possible for 132 tasks, which are 76.3% of all tasks, whereas for 41 tasks the assignment was difficult, because the following problems were encountered:

· For some tasks there exist several alternative ways to accomplish it. Some tasks could, for example, be solved by applying a heuristic, applying a rule or trans​forming the numerical representation to a graphical one.

· For some tasks the solution could be derived from an illustrating picture. It is not clear whether the student uses the illustration or tries to solve the task by applying a rule.

· For some complex multi-step tasks students are provided with an unfold-func​tion, opening frames which indicate the subtasks necessary to accomplish the task. In the ActiveMath fraction tasks these frames provide cues to the rules and processes necessary for solving the subtasks. Consequently, the task re​quirements are modified if students use the unfold function.

· In some tasks conceptual categories were addressed only partly. Yet, a concept consists of (a) the term, (b) a definition detailing its attributes, and (c) relations to other concepts. Hence, the question arises when to assign a conceptual cate​gory to a task: When the term is mentioned in the task? When the term has to be known? When the definition has to be known? When the attributes of the concepts have to be known? When the concept has to be understood in relation to other concepts? – etc. 

· In some tasks cognitive process categories were addressed only implicitly. 

With regard to the question of which categories are distinct enough for a clear assignment of competences to tasks, and which are not, we compared Cohen’s Kappa of the knowledge and cognitive process categories. This comparison re​vealed that the assignment was less reliable for conceptual (Cohen’s ( ranged from .69 to .91) than for procedural knowledge categories (Cohen’s ( ranged from .75 to 1.00). This lower reliability for the assignments to conceptual categories re​flects that the assignment to conceptual categories was sometimes rather difficult (see problems mentioned above), whereas the assignment to procedural categories did not pose any problems. 

Furthermore, we found that interrater reliability for the cognitive process cate​gories Communicate (Cohen’s ( = .55, SE .13), and Model (Cohen’s ( = .51, SE .12) was much lower, than the reliability for the categories Represent, Compare, Compute and Metacognition (Cohen’s ( ranged from .75 to .88). This result indi​cates that the problem of overlapping categories has not been solved satisfactorily for the categories Communicate and Model. As these categories are stressed so much by mathematics education researchers, the issue of how to address explicitly these complex categories in computer-based tasks deserves further research.
Frequencies of competence-task assignments

Table 1 provides evidence that each cognitive process category and each knowledge category is addressed by ActiveMath’s fraction tasks. Yet, the vari​ability of frequencies for the cognitive process categories is very large: In sum, the categories represent, and compute, were included much more frequently than the other categories (117, 103). The category model was addressed the least frequently (9). The frequencies for the knowledge categories vary also, but not as much as those of the cognitive process categories. The most frequently assigned knowledge categories were the conceptual category fraction components (170), and the pro​cedural category fraction transformation rules (113).
Additionally, we found that four combinations of knowledge and cognitive process categories are missing: the combination of (a) general addition rules with compare, (b) fraction addition rules with compare, (c) fraction comparison rules with model and (d) fraction types with model. 

The most frequently addressed competences were (a) compute fraction compo​nents (117), represent fraction components (103), followed by compute fraction transformation rules (101). 
Table 1. Frequencies of assignments of the ActiveMath fraction tasks to cognitive process and knowledge categories  
	Cognitive processes dimension

Knowledge dimension
	Remember
	Represent
	Compare
	Compute
	Model
	Communicate
	Meta- cognition1

	Conceptual knowledge

	Fraction components
	17
	103
	33
	117
	9
	14
	16

	Fraction types
	6
	38
	10
	38
	0
	5
	5

	Fraction properties
	5
	18
	19
	42
	7
	10
	11

	Basic natural number concepts 
	2
	23
	1
	42
	7
	6
	7

	Procedural knowledge

	General addition rules
	3
	25
	0
	49
	9
	10
	11

	General division rules
	1
	24
	2
	41
	7
	7
	8

	Fraction comparison rules
	2
	2
	30
	5
	0
	1
	2

	Fraction transformation rules
	7
	86
	8
	101
	7
	12
	13

	Fraction addition rules
	4
	24
	0
	46
	7
	10
	11

	Knowledge
	17
	103
	35
	117
	9
	14
	16


1 All frequencies refer to the process “detect errors”
In summary, in the given set of tasks the cognitive processes associated with mere algorithmic calculation and formula manipulation are required much more frequently, than the categories communicate and model. Future research and prac​tice in designing computer-based fraction tasks should thus focus on developing and investigating tasks addressing these latter categories.
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